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A BOUNDARY PROBLEM FOR A QUASILINEAR
ELLIPTIC EQUATION

E. L. Kazaryan
G. R. Derzhavin Tambov State University, Russia

A question of boundary problem decidability is often reduced to the existence problem of
fixed points of some transformations in Banach spaces [1], [2].

Let © be a bounded domain in R?, n > 2, with a smooth boundary S. We say that a
function u(z) in  satisfies the Holder condition (continuous according to Holder) with the

index « € (0,1) if
lu(z) — u(z')
() = sup e | o s (1)

Denote by C*t%(Q), I € N, the Banach space of continuous functions (2 having continuous
derivatives of order < ! with the norm

! !
|u|g+a) - Z sup \Dku(:ﬂ)‘ + Z sup(Dku(w))gza), (2)
|k|=0 |k|=0

where k = (ki1, kg, ..., ky) is the multi-index, k; > 0,4 =1,2,...,n, and
akl+k2+---+kn

DF = :
Bzvlfl 6:12’;2 ...O0zkn

We consider the following problem:

&%u

L(U) EZaij(x,uaum)m+a’(wau7uz) =0, z € ) (3)
M (u) = b(z,u,ug) + Z bi(x,u)g—; +bo(z,u) =0, z€S8 (4)
with assumption that equation (3) is uniformly elliptic, i.e.
Z aij (2, u, ug)&&j > v|E?, v = const >0, (5)
and
> by (@, 0, p) + bi(w, u)] cos(n, z;) > vy max(Jul, [p]), 11 >0, (6)

where n is an exterior normal to S.

The question of solvability for the boundary problem (3)-(4) is reduced to the fixed points
problem of transformations in Banach spaces in the following way.

Let us write the boundary condition (4) as follows:

L 9b(z,u, p) (o) | -
(2[5 armen]eaes}

= { - b(z,u,0) — bo(z, u) +uf
S
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Let v(x) € C'1%(Q). Denote

aij = aij(.’E,’U,’Uz), 27'\(37) = a(:c,v,vz),

7 ! Bb(:c,v,p)
bi(z) =/0 T|p=tvzdt+ bi(z,v),

P(x) = —b(z,v,0) — bo(z,v) + v(zx).

and consider the following problem:
> Gijtiaya; +a(z) =0, (7)

[b@)uz; + ) | = (o). (8)

The problem (7)-(8) is a linear problem with respect to the function u(z). In general
we obtain a nonlinear transformation u = ®(v). Fixed points of this transformation will be
solutions of the problem (3)-(4).

Let Lo and My be differential operators of the same type as L and M respectively such
that the problem (3)—(4) is uniquely solvable in C%+(Q).

We include the problem (3)—(4) into a family of problems depending on a parameter
TeJ=[0,1]:

L;(u)=7L(u) + (1 —7)Lo(u) =0, =z €, 9)

M:(u) =7M(u)+ (1 —7)Mo(u) =0, z€S. (10)

If 7 =1 then the problem (9)—(10) becomes the problem (3)—(4).

Define the transformation A in the following way: to an element (u,v,7), u € C?t%(Q),
v € C**(Q), T € J, we assign the space of pairs {f,u}, where f € C*(Q), ¢ € C1*%(S)
with the norm |f|§?) + |<,0|g1+a).

Suppose that S is a surface of the class C?T2, functions aij,a,b,b;, by and their partial
derivatives of the first order are smooth, and their prior estimates are known.

Under these assumptions the one-valued solvability of the problem (3)—(4) in the space
C?*+*(Q) arises from the following theorem about fixed points.

Theorem 1 Let By and By be two Banach spaces, u, v, T be elements of By, By and J,
respectively. Let A be a continuous mapping of direct product By x By X J into the Banach
space Bi, satisfying the following conditions:

1) the operator Ay(u,v,T) (the Frechet derivative) exists, the equation Ay(u,v,7) =0 is
uniquely solvable;

2) the set of solutions of the equation Ay(u,v,7) =0 is compact in By;

3) for some T € [0, 1], there exists a unique solution u of the equation A(u,v,T) = 0.

Then for each T the equation A(u,v,7) = 0 is one-valued solvable.
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